Abstract. We show continuity in generalized weighted Morrey spaces M p,ϕ (w) of sub-linear integral operators generated by some classical integral operators and commutators. The obtained estimates are used to study global regularity of the solution of the Dirichlet problem for linear uniformly elliptic operators with discontinuous data.
Introduction
In the present work we study the global regularity in generalized weighted Morrey spaces M p,ϕ (w) of the solutions of a class of elliptic partial differential equations (PDEs). Recall that the classical Morrey spaces L p,λ were introduced by Morrey in [34] in order to study the local Hölder regularity of the solutions of elliptic systems. In [ |f (y)| dy , Kf (x) = P.V.
R n f (y) |x − y| n dy .
Integral operators of that kind appear in the representation formulae of the solutions of various PDEs. Thus the continuity of the Calderón-Zygmund integral in certain functional space permit to study the regularity of the solutions of boundary value problems for linear PDEs in the corresponding space.
In [33] Mizuhara extended the definition of L p,λ taking a non-negative measurable function φ(x, r) : R n × R + → R + instead of the Mor-
and
Br(x) 1 φ(x, r) Br(x) |f (y)| p dy 1 p < ∞ and the supremo is taken over all balls in R n .
Later Nakai extended the results of Chiarenza and Frasca to the case of L p,φ . Imposing the next integral and doubling conditions on φ (see [35] ) for all f ∈ L p,φ (R n ), p ≥ 1.
The next extension of the Morrey spaces is given by the first author.
He defined generalized Morrey spaces M p,ϕ with normalized norm under more general condition on the weight ϕ : R n ×R + → R + and considered continuity of various classical integral operators from one space M p,ϕ 1 to another M p,ϕ 2 under suitable condition on the pair (ϕ 1 , ϕ 2 ). In [11] (see also [12, 13] ) it is shown that if [31, 32] ).
Recently, Komori and Shirai [28] defined the weighted Morrey spaces L p,κ (w) endowed by the norm
They studied the boundedness of the Calderón-Zygmund operator K in these spaces. A natural extension of their results are the generalized weighted Morrey spaces M p,ϕ (w) with w ∈ A p and ϕ satisfying (1.1).
In [16] (see also [20, 21] ) it is proved boundedness in M p,ϕ (w) of sublinear operators generated by classical operators as M, K, the Riesz potential and others, covering such way the results obtained in [35] and [28] . Our goal here is to obtain a priori estimate for the solution of the Dirichlet problem for linear elliptic equations in these spaces.
The paper is organized as follows. We begin introducing the functional spaces that we are going to use. In Sections 3 and 4 we study continuity in the spaces M p,ϕ (w) of certain sub-linear integrals and their commutators with functions with bounded mean oscillation. These results permit to obtain continuity of the Calderón-Zygmund operator, with bounded functions and some nonsingular integrals which is done in Section 6. The last section is dedicated to the Dirichlet problem for linear elliptic equations with discontinuous coefficients. This problem is firstly studied by Chiarenza, Frasca and Longo. In their pioneer works [6, 7] they prove unique strong solvability of
extending this way the classical theory of operators with continuous coefficients to those with discontinuous coefficients. Later their results have been extended in the Sobolev-Morrey spaces [9] ) and the generalized Sobolev-Morrey spaces [40] ) with φ as in [35] . In [22] we have studied the regularity of the solution of (1.3) in generalized Sobolev-Morrey spaces W 2 p,ϕ (Ω) where the weight function ϕ satisfies a certain supremal condition derived from (1.2). We show that Lu ∈ M p,ϕ (Ω) implies
These studies are extended on divergence form elliptic/parabolic equations in [3, 24] .
In this paper we use the following notions:
means the Hessian matrix of u, B r (x 0 ) = {x ∈ R n : |x − x 0 | < r} is a ball centered at a fixed point x 0 ∈ R n ,
For any measurable set A and f ∈ L p (A), 1 < p < ∞ we write
The standard summation convention on repeated upper and lower indices is adopted. The letter C is used for various positive constants and may change from one occurrence to another.
Weighted spaces
We start with the definitions of some function spaces that we are going to use.
Definition 2.1. (see [26, 37] 
We say that a ∈ BMO (bounded mean oscillation) if For any bounded domain Ω ⊂ R n we define BMO(Ω) and V MO(Ω) taking a ∈ L 1 (Ω) and integrating over Ω r = Ω ∩ B r .
According to [1] , having a function a ∈ BMO(Ω) or V MO(Ω) it is possible to extend it in the whole space preserving its BMO-norm or V MO-modulus, respectively. In the following we use this extension without explicit references.
Lemma 2.1. (John-Nirenberg lemma, [26] ) Let a ∈ BMO and p ∈
(1, ∞). Then for any ball B holds
As an immediate consequence of Lemma 2.1 we get the next property.
Corollary 2.1. Let a ∈ BMO then for all 0 < 2r < t holds (2.1) a Br − a Bt ≤ C a * ln t r where the constant is independent of a, x, t and r.
We call weight a non-negative locally integrable function on R n .
Given a weight w and a measurable set E we denote the w-measure of E by
holds for all f ∈ L p,w if and only if the weight function satisfies the
The minimal constant C 1 for which the inequality holds is the A 1 characteristic constant of w.
We summarize some basic properties of the A p weights in the next lemma (see [10, 30] for more details).
Ap .
(2) The function w
(3) The classes A p are increasing as p increases and
(4) The measure w(x)dx is doubling, precisely, for all λ > 1
(5) If w ∈ A p for some 1 ≤ p ≤ ∞, then there exist C > 0 and δ > 0 such that for any ball B and a measurable set E ⊂ B,
(7) For each a ∈ BMO, 1 ≤ p < ∞ and w ∈ A ∞ we have
The next result follows from [16, Lemma 4.4] .
Lemma 2.3. Let w ∈ A p with 1 < p < ∞ and a ∈ BMO. Then
where C is independent of a, w and B.
For any bounded domain
and integrating over 3. Sublinear operators generated by singular integrals in M p,ϕ (w) Let T be a sub-linear operator. Suppose that T satisfy
for any f ∈ L 1 (R n ) with compact support and x / ∈ suppf.
The next results generalize some estimates obtained in [11, 13, 19, 20, 21] . The proof is as in [19] and makes use of the boundedness of the weighted Hardy operator
Theorem 3.1. ( [14, 15] ) Suppose that v 1 , v 2 , and ψ are weights on R + .
Then the inequality
holds with some C > 0 for all non-negative and nondecreasing g on R +
if and only if
Theorem 3.2. Let 1 < p < ∞, w ∈ A p and the pair (ϕ 1 , ϕ 2 ) satisfy
and T be a sub-linear operator satisfying (3.1). If T is bounded on
with a constant independent of f.
For any a ∈ BMO consider the commutator T a f = aT f − T (af ).
Let T a be a sub-linear operator satisfying
for any f ∈ L 1 (R n ) with a compact support and x ∈ suppf. Suppose in addition that T a is bounded in L p,w and satisfies
Ap f p,w . Then the next result is valid and the prood is as in [19] , making use of Theorem 3.1.
with a constant independent on x and r. Suppose that T a is bounded in
Ap a * f p,ϕ 1 ,w .
4.
Sublinear operators generated by nonsingular
For any x ∈ R n + definex = (x 1 , . . . , x n−1 , −x n ). Let T be a sublinear operator with a nonsingular kernel. Suppose that T satisfy the
with a constant independent of x 0 , r, and f .
Proof. Consider the decomposition
Because of the boundedness of T in L p,w (R n + ) we have as in [22] T
we get as in [22] 
Making use of the Hölder inequality and (2.3) we get
(4.5)
Direct calculations give
On the other hand, by (2.3)
which unified with (4.7) gives (4.3). Proof. By Lemma 4.1 we have
Applying the Theorem 3.1 with
to the above integral, we get as in [22] T f p,ϕ 2 ,w;R n
Ap f p,ϕ 1 ,w;R n + .
Commutators of sub-linear operators generated by nonsingular integrals in
For any a ∈ BMO consider the commutator
where T is the nonsingular operator satisfying (4.1) and f ∈ L 1 (R n + ) with a compact support. Suppose that for x / ∈ suppf
where C is independent of f, a, and x.
Suppose in addition that
Our aim is to show boundedness of T a in M p,ϕ (R n + , w).
To estimate the commutator we shall employ the same idea which we used in the proof of Lemma 4.1 (see [22] for details). 
Ap a * f p,w;2B
On the other hand, because of (4.4) we can write
Where, as in [22] , we have
Applying Hölder's inequality, Lemma 2.1, (2.1) and (2.5), we get
By Lemma 2.1 and (4.5) we get
Summing up I 1 and I 2 we get that for all p ∈ (1, ∞)
Finally,
and the statement follows by (4.8).
Suppose T a is a sub-linear operator satisfying (5.1) and bounded on
Ap a * f p,ϕ 1 ,w;R n + with a constant independent of f and a.
The statement of the theorem follows by Lemma 5.1 and Theorem 3.1 in the same manner as the proof of Theorem 4.1.
In the present section we deal with Calderón-Zygmund type integrals and their commutators with BMO functions. We start with the definition of the corresponding kernel.
is called a variable Calderón-Zygmund kernel if:
The singular integrals
Kf (x) :=P.V.
are bounded in L p,w (see [21] for more references) and satisfy (3.1) and (5.1). Hence the next results hold as a simple application of the estimates from Sections 3 and 4 (see [22] for details).
Theorem 6.1. Let w ∈ A p , p ∈ (1, ∞) and ϕ be weight such that for all x ∈ R n and r > 0 (6.1)
Then for any f ∈ M p,ϕ (R n , w) and a ∈ BMO there exist constants depending on n, p, ϕ, w, and the kernel such that
The assertion follows by (4.9) and (5.6).
in Definition 6.1, a ∈ BMO(Ω) and f ∈ M p,ϕ (Ω, w) with p, ϕ, and w as in Theorem 6.1. Then
Ap a * f p,ϕ,w;Ω (6.3)
Corollary 6.2. (see [6, 22] ) Let p, ϕ, and w be as in Theorem 6.1 and a ∈ V MO with a V MO-modulus γ a . Then for any ε > 0 there exists a positive number ρ 0 = ρ 0 (ε, γ a ) such that for any ball B r with a radius r ∈ (0, ρ 0 ) and all f ∈ M p,ϕ (B r , w)
with C independent of ε, f, and r.
For any x, y ∈ R n + define the generalized reflection T (x; y)
where a n is the last row of the matrix a = {a ij } n i,j=1 . Then there exist positive constants C 1 , C 2 dependent on n and Λ, such that (6.6)
Then the nonsingular integrals where C is independent of ε, f and r.
The Dirichlet problem
Let Ω ⊂ R n , n ≥ 3 be a bounded C 1,1 -domain. We consider the problem
, p ∈ (1, ∞) subject to the following conditions:
H 2 ) Regularity of the data: a ∈ V MO(Ω) with V MO-modulus
As it is well known (see [6, 22] and the references therein) for any x ∈ supp u, a ball B r ⊂ Ω ′ and a function v ∈ C ∞ 0 (B r ) we have the representation
According to Remark 2.1 the formula (7.3) holds true also for functions v ∈ W Choosing r such that Cε < 1 we can move the norm of D 2 v on the left-hand side and write
for r < 4 and (7.5) Lu p,ϕ,w;B θ ′ r ≤ C Lu p,ϕ,w;B θ ′ r + Du p,ϕ;w,B θ ′ r + u p,ϕ;w,B θ ′ r we can write
Consider now the weighted semi-norms
Because of the choice of θ ′ we have θ(1 − θ) ≤ 2θ ′ (1 − θ ′ ). Thus, after standard transformations and taking the supremum with respect to θ ∈ (0, 1) we get (7.6) Θ 2 ≤ C r 2 Lu p,ϕ,w;B θ ′ r + Θ 1 + Θ 0 .
Lemma 7.1 (Interpolation inequality).
There exists a constant C independent of r such that
Proof. For functions u ∈ W 2 p,w (B r ), p ∈ (1, ∞) and w ∈ A p we dispose with the following interpolation inequality proved in [27] Du p,w;Br ≤ C u p,w;Br + u Then for any ǫ > 0 we have
Choosing ǫ small enough, such that δ = We can always find some θ 0 ∈ (0, 1) such that
The assertion follows choosing
Interpolating Θ 1 in (7.6) and taking θ = 1 2
as in [22] we get the Caccioppoli-type estimate D 2 u p,ϕ,w;B r/2 ≤ C Lu p,ϕ,w;Br + 1 r 2 u p,ϕ,w;Br .
Further, proceeding as in [22] and making use of (7.5) and (7.7) we get the following interior a priori estimate. Applying the estimates (6.8) and (6.9), the interpolation inequality (7.7) and taking into account the V MO properties of the coefficients a ij 's, it is possible to choose r 0 small enough such that ) for all r < r 0 (see [22] for details). By local flattering of the boundary, covering with semi-balls, taking a partition of unity subordinated to that covering and applying the estimate (7.9) we get a boundary a priori estimate that unified with (7.8) gives the next theorem. Let us note that the solution of (7.1) exists according to Remark 2.1.
The a priori estimate follows as in [6, 7] making use of (7.5) and the interpolation inequality in weighted Lebesgue spaces [27] .
